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Classical Logic

@ Classical logic is a type of formal logic which is most
intensively studied and most widely used on all levels of
education.

@ Classical logic is defined by a set of properties.

@ Classical logic generally includes propositional logic and
first-order logic.
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Definition of CL

We define classical logic with the following set of properties:
e Binarity:
Set of truth values - V(P) € {0,1}
o Commutativity:
PANR=QAP,PVQR=QVP
@ Distributivity:
PA(QRVR)=(PAQ)V(PAR)
PV(QAR)=(PVR)A(PVR)
@ Principle of excluded middle:
V(PV-P)=1

@ Principle of non-contradiction:
V(=(P A —=P)) =1, alternatively V(P A—=P) =0
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Quantum Mechanics

@ Branch of physics
@ Atomar and subatomar scale
e Commutative and non-commutative operators

@ Uncertainty principle

Lovre Grisogono & Mateo Pauligi¢ A Few Good Examples why to Refute Classical Logic in QM



But the Question Is?

@ In 1936 Birkoff and von Neumann wrote the article “The
Logic of Quantum Mechanics".

@ Birkoff and von Neumann wanted to find the logical

structure in quantum mechanics which did not conform to
classical logic.
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But the Question Is?

@ In 1936 Birkoff and von Neumann wrote the article “The
Logic of Quantum Mechanics".

@ Birkoff and von Neumann wanted to find the logical
structure in quantum mechanics which did not conform to

classical logic.

Should we refute classical logic for QM?
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@ Quantum mechanical proposition is a projection operator
(generally observable) P
- experiment outcome prediction

@ Px=x=1-xforx e lLp
Py=0=0-yforyels

P A Q - operator projecting on Lprg = Lp N Lg

@ PV Q - operator projecting on Lp + Lg
e P=1-P
e PAQ= Ilim(PQ)"

n—oo

PVvQ=-[-PA-Q]
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e Example 1: S, = (g)P1 — (%),D2

Py =11 (11 P2 =) {4

Matrix notation: |1) = (é) ) = <(1)>

10 00
A=(00) 7 (6 2)
For S,:

1 0
0 -1
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Using previous definitions:
1 P] VAN P2 = lim (Plpz)n
n—+o00

o 1 0\ (0 0\]"
i [\0 0) 0 1

. (0 0\"
Uﬂ%(oo) =0

OP]\/P2=1—[(1—P1)/\(1—P2)]
=1—[Py A Py]
=1
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Using previous definitions:
1 Pl VAN P2 = lim (Plpz)n
n—+o00

o 1 0\ (0 0\]"
i [\0 0) 0 1

. (0 0\"
Uﬂ%(oo) =0

OP]\/P2=1—[(1—P1)/\(1—P2)]
=1—[Py A Py]
=1

Calculations were simplified due to [Py, P,] =0

Lovre Grisogono & Mateo Pauligi¢ A Few Good Examples why to Refute Classical Logic in QM



Example of non-commuting observables:

e S, = (g) Q1 — (%) @, it is easily seen that:

11 1 -1
Ql_%(l 1) Qz_%<—1 1)

. N~ 1 1
are projectors projecting on subspaces (1) , (_1>

@ Operators @; and @, do not commute with P; and P,
e P1AQ1 = lim (Pi1@)"
n——-00

11
_ H 1\n —
=, im (2 (o 0) 0
o PiVQi=1—((1—P)A(1—Q))
—1-(P,A Q)
—1-0=1



Non-commutativity = zero conjunction

Example: particle with spin 1

100
@ B=5[S?—-5+ 55, =0 1 0
000
3 05 0
e D=:552=(0 1 0],[B,D]#0but [1] isa
2 05 0
common eigenvector.
o X\" (o000
o DAB= lm (0 1 0) ={010
n——+00
101l 000
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Failure of distributivity:

e Easily calculated as before:
P1VP2:1 Ql/\P1:O Q]_/\P2:0
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Failure of distributivity:

e Easily calculated as before:
P1VP2:1 Ql/\P1:0 Q]_/\P2:0

("] Ql/\(Pl\/PQ)E (Ql/\Pl)\/(Ql/\P2)
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Failure of distributivity:

e Easily calculated as before:
P1VP2:1 Ql/\P1:0 Q]_/\P2:0

("] Ql/\(Pl\/PQ)E(Ql/\Pl)\/(Ql/\P2)
("] Ql/\lEO\/O
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Failure of distributivity:

e Easily calculated as before:
P1VP2:1 Ql/\P1:0 Q]_/\P2:0

("] Ql/\(Pl\/PQ)E(Ql/\Pl)\/(Ql/\P2)
OQl/\lEO\/O
OQ1:0
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Failure of distributivity:

e Easily calculated as before:
P1VP2:1 Ql/\P1:0 Q]_/\P2:0

("] Ql/\(Pl\/PQ)E(Ql/\Pl)\/(Ql/\P2)
OQl/\lEO\/O
OQ1:0

Comment: Modular law holds:

e C— A
e AN(BVC)=(AANB)V(ANC)=(AANB)V C
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Failure of continuity - example using polarization

2 .
COSs™ € COS€eSIne
o let Pe = . .2
COS€ESIne sSin™ €
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Failure of continuity - example using polarization

2 .
COSs™ € COS€eSIne
o let Pe = . .2
COS€ESIne sSin™ €

e limP. =P
e—0
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Failure of continuity - example using polarization

cos’ec  cosesine
o |et Pe = . .2
cosesine  sin‘e

N———

e limP. =P
e—0

@ fore#0,P.AP; =0
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Failure of continuity - example using polarization

cos’ec  cosesine
o |et Pe = . .2
cosesine  sin‘e

o ImP.=P;

e—0
@ fore#0,P.AP; =0
o lim(P.AP)=0

e—0
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Failure of continuity - example using polarization

cos’ec  cosesine
o |et Pe = . .2
cosesine  sin‘e

o ImP.=P;

e—0
@ fore#0,P.AP; =0
o lim(P.AP)=0

e—0

o (l'_%Pe)/\PIZPl/\PIZPI
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Polarization

Figure: Polarization example

Pl P2

light bulb unpolarized light vertical polarizing filter polarizing
filter at direction b

@ Polarizing filter = Mechanical analogue to the projection
operator
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Polarization

Figure: Polarization example
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Polarization

@ H - horizontal filter, V - vertical filter, D - diagonal filter
e H"=H, V"=V, HV =0
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Polarization

@ H - horizontal filter, V - vertical filter, D - diagonal filter
e H"=H, V"=V, HV =0
e VHD # VDH
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Polarization

@ H - horizontal filter, V - vertical filter, D - diagonal filter
e H"=H, V"=V, HV =0
VHD +#+ VDH
e HAV = lim(HV)"=0
n—oo
VAD= lim(VD)"=0

n—oo

Dv V:—|[—|D/\ﬂ\/]
= _‘[Danti/\ H] =-0=1
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Polarization

H - horizontal filter, V - vertical filter, D - diagonal filter
H"=H, V"=V, HV =0
VHD # VDH
HAV = lim(HV)"=0
n—oo
VAD= lim(VD)"=0
n—o00
e DV V:—|[—|D/\ﬂ\/]
= _‘[Danti VAN H] =-0=1

Failure of distributivity
e HA(DVV)=HA1=H
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Polarization

H - horizontal filter, V - vertical filter, D - diagonal filter
H"=H, V"=V, HV =0
VHD # VDH
HAV = lim(HV)"=0
n—oo
VAD= lim(VD)"=0
n—o00
e DV V:—|[—|D/\ﬂ\/]
= _‘[Danti VAN H] =-0=1

Failure of distributivity
e HA(DVV)=HA1=H
e (HAD)V(HAV)=0Vv0=0
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Non-continuity of conjunction

@ D, - polarizing filter inclined at € to the horizontal
limD. = H

e—0
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Non-continuity of conjunction

@ D, - polarizing filter inclined at € to the horizontal

limD.=H
e—0
e DANH=0
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Non-continuity of conjunction

@ D, - polarizing filter inclined at € to the horizontal

limD.=H
e—0
e DANH=0

o lim(D.ANH)=0
e—0
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Non-continuity of conjunction

@ D, - polarizing filter inclined at € to the horizontal

limD.=H
e—0
e DANH=0

o lim(D.ANH)=0
e—0

o (llmD)AH=H
e—0
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Two slit experiment - failure of distributivity

@ A; - electron passes through slit 1
A, - electron passes through slit 2

@ P(A1, R) - probablity that electron hits region R, after A;
P(A, R) - probablity that electron hits region R, after A,

@ Classically, one would expect
P(R) = 1P(Al, R) + %P(Al, R)

-2
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Two slit experiment - failure of distributivity

@ A; - electron passes through slit 1
A, - electron passes through slit 2

@ P(A1, R) - probablity that electron hits region R, after A;
P(A, R) - probablity that electron hits region R, after A,

@ Classically, one would expect
P(R) = 1P(Al, R) + %P(Al, R)

-2

@ Quantum formula P(R) =
1P(A1,R) + LP(A1, R) + /P(A1, R)P(A2, R) cos §
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_ P((Ai-R)V (A VR))
B P(A; V Ay)

_ P(A:-R) P(A; - R)
~ P(ALVA)  P(ALV A)
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_ P((Ai-R)V (A VR))
B P(A; V Ay)

_ P(A:-R) P(A; - R)
~ P(ALVA)  P(ALV A)

o P(A1) = P(Ay)
P(A; V Ay) = 2P(A;) = 2P(A,)
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_ P((Ai-R)V (A VR))
B P(A; V Ay)

_ P(A:-R) P(A; - R)
~ P(ALVA)  P(ALV A)

o P(A1) = P(A2)
'D(Al \% Az) =2

P(A;) = 2P(A,)

P(Ai-R)  P(Ai-R) 1 |
P(A1V A)  2P(A) E'D(Al,R) :
P(A2-R)  P(A-R)
P(ALV A  2P(A) = 5P(A2, R)
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_ P((Ai-R)V (A VR))
B P(A; V Ay)

_ P(A:-R) P(A; - R)
~ P(ALVA)  P(ALV A)

o P(A1) = P(Ay)
P(A1V Ay) = 2P(A1) = 2P(A,)

P(Ai-R)  P(Ai-R) 1 |
P((Al VA)  2P(A) 5P(ALR)
P(A-R)  P(A-R)

P(ALV A 2P(A) 5P(A2, R)

o P(R)=1P(AL,R)+ 1P(AL,R)
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Conclusion

The question was:

Should we refute classical logic for QM?

And the anwser is:
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Conclusion

The question was:

Should we refute classical logic for QM?

And the anwser is:

We should.
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