SOLUTIONS OF A CLASS OF QUARTIC THUE INEQUALITIES

BO HE, BORKA JADRIJEVIC, AND ALAIN TOGBE

ABSTRACT. Let ¢ be a positive integer. In this paper, we use the method of
Tzanakis to transform the quartic Thue inequality

c

Bl

|zt — 423y — (2¢ — 2)22y® + (4c + D)zy® — (2¢ — 1)y?| < max { 1 4}

into systems of Pellian equations. Then we find all primitive solutions of this
inequality using continued fractions.

1. INTRODUCTION
A Thue equation is a Diophantine equation of the form
F(z,y) =k,

where F' € Z[X,Y] is an irreducible binary form of degree d > 3 and k is a non-
zero rational integer; the unknowns z and y being rational integers. The name is
given in honor of the Norwegian mathematician A. Thue [16] who proved that it
has only finitely many solutions. Upper bounds for the solutions have been given
using A. Baker’s theory on linear forms in logarithms of algebraic numbers (see
[1]). In fact, since E. Thomas [15] has solved the first parameterized family of Thue
equations of positive discriminant, several families of parameterized Thue equations
have been studied, many authors are able to solve cubic, quartic, quintic, sextic
Thue equations. In 2004, Heuberger, Toghé, and Ziegler [10] solved the first octic
family of Thue equations. In 2006, the third author solved a family of sextic Thue
equations by means of Baker’s method (see [17]).

In 1993, Tzanakis [18] considered Thue equations of the form F(z,y) = k, where
F' is a quartic form that corresponds to quartic field K which is the composite of
two real quadratic fields. Tzanakis proved that solving the equation F(z,y) = k
consists in solving a system of Pellian equations. Therefore the method is called
the Tzanakis method. The method was successfully applied by several authors not
only for families of quartic Thue equations but also to families of quartic Thue
inequalities. One can cite for examples [6, 7, 8, 9, 11, 12, 13, 21]. One advantage
of the method is that one can use the theory of continued fractions to determine
small values of k for which the equation F'(z,y) = k has a solution. Worley [20],
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Dujella [5], Dujella-Ibrahimpagi¢ [6] have extended or generalized the classical re-
sults of Legendre and Fatou concerning Diophantine approximations of irrational
numbers.

Let ¢ > 1 be an integer. In this paper, we consider the Thue inequality

(1) |zt — 423y — (2¢ — 2)2%y® + (de+ Day® — (2¢ — 1)y?| < max {2,4} ,
or, equivalently, the Thue equations of the form
(2) zt — 423y — (2¢ — 2)2%y* + (de+ Day® — (2¢ — Dy* = m,

where |m| < max {£,4} . The aim of the paper is to prove the following theorem.

Theorem 1. Let ¢,m be integers such that ¢ > 1 and |m| < max{ﬁ,él} and such
that the Thue equation (2) has a primitive solution. Then

{17_]-;47 _4}7 lf c= 17
m € { {1,-3,4}, if c=2,
(1,4}, if ¢>3.

All primitive solutions are given as follows
(1) Ifc=2n*>—-2,ne€N,n>1,

) (£1,0), £(n+1,n), £(n—1,n) if m=1,
@Y=V L11), £ @+ 1.1), £@n—1.-1) if m=4.

(2) Ifc#£2n* -2, neN,n>1,

C[(#1,0), if m=1,
(@) = {i(l,l), if m=d.

Moreover, there are additional primitive solutions

_ (Ovil)a :|:(2, ]-)) if m=-1, _
o= {i(s, D), R

and
(z,y) =x(2,1), £(0,1) if m=-3, for c=2.
From the above theorem, one can easily deduce the following consequence.

Corollary 2. Let ¢ > 1 be an integer. Then, for all ¢ > 1, the Thue inequality (1)
has primitive solutions of the form (z,y) = (£1,0),+(1,1). These solutions are the
only primitive solutions if ¢ # 2n* —2,n € Nyn > 1 and ¢ # 1,2. The additional
primitive solutions are given by:

i) (z,y) = £(n+Ln),£t(n—1,n), £2n+1,1),£(2n—-1,-1) for ¢ =

2n? —2,ne€N,n>1;
i) (z,y) ==£(0,1), £(2,1) for c=2;
i) (z,y) = (0, 1), £(2,1), £(3,1) for ¢ = 1.
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First we will use Tzanakis method to transform the Thue equation (2) into the
following system of Pellian equations

(3) cU? = (c+4)V?
4) U?—2(c+4) 2% =m.

This is done in the next section. Second, we recall some results due to Worley,
Dujella, and Dujella-Jadrijevi¢ on continued fractions in Section 3. We use these
results in order to find all possible values of m for which system (3) and (4) has a

solution. In the last two sections we solve equation (2) for all values of mn that are
obtained in Section 3, using results of Cohn [3], [4] and Walsh [19].

—4m

2. AN APPLICATION OF THE METHOD OF TZANAKIS

In this section, we recall the method of Tzanakis and use it to transform equa-
tion (2) into a system of Pellian equations. So let us consider the Thue equation

(5) flz,y) =m,
where
6)  f(z,y) = apz* + da1 2y + 6asz’y® + dasxy® + agy® € Z[z,y], ag > 0.

We assign to this equation the cubic equation

(7) 4p° — g2p — g3 = 0,
where
1 ag a1 Qs 1
5 = —4 3a2 e —7 = . —7.
g2 = QpQaa airaz + sa; € Tk g3 a; as as 6432
a2 a3 Q4

In 1993, Tzanakis [18] proved that a necessary condition to apply his method is
that equation (7) has three rational roots p1, ps, p3 that satisfy
2

a
(8) 571 — ay > max (p1, p2, p3)-
0

Let H(x,y) and G(x,y) be the quartic and sextic covariants of f(x,y) respec-
tively, i.e.

1 o%f *f
H(z,y)=——| %, %% | € —Zlz,y
b) f a f b b
144 Err 48
1| ¢ & 1
G(z,y) = 3 gﬁ gﬁ € %Z[z,y].
oz Oy

Then we have 4H? — g, H f? — g5 f> = G2. Let us put

H = %H@,G = 9716G0,pi = %Ti,i = 1,2,3,
then

Hy, Gy € Zz,y],r; € Z,i =1,2,3,

and

(Ho — 4r1 f)(Ho — 4r2f)(Ho — 473 f) = 3G},
There exist positive square-free integers k1, ko, k3 and quadratic Gy, G2, G3 € Z[z,y]
such that

Ho—4rf = k;G?, i=1,2,3



4 BO HE, BORKA JADRIJEVIC, AND ALAIN TOGBE
and ki kok3(G1G2G3)? = 3G3. If (x,y) € Z x Z is a solution of (5), then we obtain
(9) k?gG% — le% = 4(7“1 — ’I“Q)’ITL,

(10) k?gGg — le% = 4(7“1 — ’I“3)’ITL.

Now we apply the reduction method to equation (2). In this particular case, we
obtain

—1
ag =1, a, =-1, a2:_03 , az=c+1, a4=-2¢c+1,
_02+4c+16 _03+602—24c—64
g2 = 3 93 = 27 -
One can see that equation (7) has three rational roots
1 n 2 1 4 1 N 2
=——c+ - =——c— - =—c+ -.
pP1 6 3’ P2 6 3’ pP3 3 3
Since
aj 1 n 2 > max{ )
— —ay=-c+->m
ao 2 3 3= P1,P2,P375,
so the reduction method can be applied to equation (2). We get
HO(may) - 4r1F(mJy) = 240(1’2 - 2117y + 3y2)27
Ho(z,y) —4rsF(z,y) = 24(c+4)(2” - 22y —y*)%,
Ho(x,y) —4rsF(z,y) = 48¢(c+4)(xy — y*)>.
We take
k1 =6c, k2 =6(c+4), k3 =3c(c+4),
and
Gy =2(a® — 22y + 3y%), G2 = 2(2” — 2zy — y*), Gs = dy(x —y).
Let
(11) U=a®—2ay+3y>, V=[2"-2zy—y?|, Z=ly@—y)l

Then, by the method of Tzanakis, solving equation (2) reduces to solving the system
of Pellian equations (3) and (4), where |m| < max{{,4}.

Assuming that z and y are relatively prime, from (11) we see that ged (U, V, Z) =
1. Since U% — V2 =872, we see ged (U, V) =1 or 2.

3. CONTINUED FRACTIONS

In this section, we will consider the connections between solutions of the equa-
tions (3) and continued fraction expansion of the corresponding quadratic irrational.

The simple continued fraction expansion of a quadratic irrational a = %‘/E is
periodic. This expansion can be obtained using the following algorithm. Multi-
plying the numerator and the denominator by b, if necessary, we may assume that
b|(d — a?). Let sy = a, to = b and

ds?
(12) an = [%ﬁja Spt+1 = Apln — Sp,  tpy1 = %7 for n > 0.

If (Sj,tj) = (Sk,tk) for j < k, then

a = [ao,...,aj_l,aj,...,ak_l].
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Applying this algorithm to quadratic irrational y/(c + 4) /¢, we find
c+4 <
= [1;5,2
),
(807t0) = (070) a(slatl) = (Ca 4) )
(82;t2) = (C, C) ’ (837t3) = (C, 4) )

if ¢ is an even positive integer, and

c+4: |:1’C

—1 —1
1,2042,1, 5= ,2J,
C

2 2
(s0,t0) = (0,¢), (s1,t1) = (¢,4),
(s2,t2) = (c—2,2¢—1),(s3,t3) = (c+1,1),
(s4,t4) = (c+1,2¢—1),(s5,t5) = (¢ — 2,4),
(se:t6) = (c,0), (s7,17) = (¢, 4),

if ¢ > 1 is an odd positive integer. If ¢ = 1, we have

c+4:\[5: [2,1]7

(Sg,t()) = (0,1) , (Sl,tl) = (2,1) 5 (Sg,tg) = (2, ].)

Let (U,V, Z) be integer solution of the system of equations (3) and (4). One can
observe that if one of the integers U, V, Z is equal to zero, then equations (3) and
(4) imply that the two other integers are not equal to zero. Moreover, one can see
that U = 0 or V = 0 is impossible, which follows immediately from U? —V? = 8Z2.

Assume now that (U,V, Z) is a nonnegative solution of the system (3) and (4).

Then % is a good rational approximation of %. We find that

/c+4+g S c+4
c \%4 c

which implies

c+d Ul |c+d U? c+4 V
c VI | ¢ V2 c U
Am| e 25 1=k, if ¢>16,
cV? c+4 — 7,76(;64)‘/2, if ¢<15,
This implies that
c+4 U| M
¢ 1% vz’

where M =1ifc¢> 15, M =2if 7T<e¢<14, M =3if4<c<6, M =4if ¢ =3,
M=5ifc=2and M =8ifc=1.

Let py,/qx denote the k' convergent of a. The following result of Worley [20] and
Dujella [5] extends classical results of Legendre and Fatou concerning Diophantine
approximations of the form |a — %| < ﬁ and |a — %| < b%
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Theorem 3 (Worley [20], Dujella [5]). Let « be a real number and a and b coprime
nonzero integers, satisfying the inequality

M

biga

where M is a positive real number. Then (a,b) = (rpgy1 £ upg,rqr+1 £ uqr), for
some k > —1 and nonnegative integers r and u such that ru < 2M.

o -5l<
o
b

Explicit version of Theorem 3 for M = 2, was given by Worley [20, Corollary,
p. 206]. Recently, Dujella and Ibrahimpasi¢ [6, Propositions 2.1 and 2.2] extended
Worley’s work and gave explicit and sharp versions of Theorem 3 for M = 3,4, ..., 12.

We would like to apply Theorem 3 in order to determine all values of m with
Im| < max{$,4} for which equation (3) has solutions. We need the following
lemma (see Dujella and Jadrijevi¢ [8, Lemma 1])

Lemma 4. Let af be a positive integer which is not a perfect square, and let
Dr/qr denotes the kth convergent of continued fraction expansion of \/% Let the

sequences (si) and (tg) be defined by (12) for the quadratic irrational \/T'TB Then

(13)  a(rqrer +uqr)?® — B(rprgr +upr)® = (=1)* (WP tpry + 2ruspro — r2tpps).
ctd
C
2 if ¢ is even, equal to 6 if ¢ > 1 is odd and equal to 1 if ¢ = 1, according to Lemma
4, we have to consider only the fractions (rpgy1 + upr)/(rqes1 +ugy) for: k=0, 1

ifciseven and c=1and k =0,1,....,5if ¢ > 1 is odd.
By checking all possibilities, it is now easy to prove the following result.

Since the period length of the continued fraction expansion of is: equal to

Proposition 5. Let ¢ and m be integers such that ¢ > 1 and |m| < max{i,él}
and such that equation (3) has a solution in integers U and V' with gcd(U,V) =1
or 2. Then

({1, 4, —£}, if ¢=0 (mod4), ¢> 16,
{1, 4}, if ¢Z20 (mod4),c>13 and c=10,9,6,5,
{1,-3,4}, if e =12,2,
{1,-2,4}, if ¢=11,

m € < {1,-2,3,4}, if ¢=28,

{1,3,4}, if c=1,
(1,-1,2,-2,4, -4}, if c=4,
{1,2,-2,-3,4,-4}, if c=3,

({1,-1,4, -4}, if c=1.

Furthermore, all solutions of this equation in relatively prime positive integers are
given by (U, V) = (pax,qox) if m = 1 and ¢ = 0 (mod 4), ¢ > 16; (U,V) =
(P2k+15G2k+1) if m = —§ and ¢ = 0 (mod 4); (U,V) = (pek,qer); (Per+2 +
Dok+2, Gk +2 + Qokt2); (PoktdsQekt2) if m = 1 and ¢ = 1,3 (mod 4), ¢ > 15.
While all solutions of this equation in integers with gcd(U,V) = 2 are given by
(U, V) = (2pak,2q21) if m = 4 and ¢ = 0 (mod 4), ¢ > 16; (U, V) = (2pex, 2¢sk),
(2P6k+2 + 2P6k+2, 2q6k+2 + 206k+2) s (2P6r+4,2G6k+2) if m =4 and c = 1,3 (mod 4),
c>15.
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th : : ~ [t
Here py,/qy denotes the k' convergent of continued fraction expansion of /<=
and (p—1,q9-1) = (1,0).

Now we will discuss the solvability in integers U,V, Z, with ged (U, V) =1 or 2,
of the system of equations (3) and (4) where m is one of the admissible values from
Proposition 5.

Assume now that for m = —¢ and ¢ =0 (mod 4), ¢ > 16, the system (3) and
(4) has a solution (U,V,Z). Then, by Proposition 5, we have U = par41 for an
integer k£ > 0.

We will need the recursive relations for the convergents of 4/ ch4, ¢ =0 (mod 4),
with odd and even subscripts. Let ¢ = 4d, d > 1. Than from

(14) po=1, p=2d+1
(15) Dok = 2p2g—1 + Pak—2,
(16) D2k4+1 = 2dpoy + par—1,

it follows easily
P2r+1 = 2(2d + 1) pag—1 — Pak—3-
The following lemma can be proved easily by induction.

Lemma 6. Let the sequences (pn,) be defined by (14), (15), and (16). Then for all
1l > 0 we have

(17) Pai+3 = 1 (mod 8d + 8),
(18) Pai+1 =2d+1 (mod 8d + 8).

From equation (4) we have
(19) U?+d=0 (mod 8d+8).
On the other hand, if ¢ = 4d and d > 4, from Lemma 6 and U = pyj.1, we have
U?+d=1+d#0 (mod8+8) if U=pyis
or
U +d=(2d+1)°+d=(d+1)(4d+1)Z0 (mod 84+ 8) if U = py,;.
c

Hence, we have proved that for m = —¢ and ¢ = 0 (mod 4),c > 16 the system

(3) and (4) has no solution. We will consider the remaining cases in the next two
sections.
4. Cases m =1,4
Let ¢ >1and m=1,4. Let x = X +Y and y =Y. Then equation (2) gives
(20) (2v2)* = (c+2) (2V%) X2 + X* = m.

Furthermore, by (11), we have (U,V, Z) = (X2 +2Y?%, | X2 — 2Y2|, | XY)).
We will apply the results of Cohn [3, Equation 1 and Equation 5] and [19,
Theorem 2].

Theorem 7 (Cohn [3]). Let K be an odd positive integer.
(1) The only solutions to x> — Kzy* + y* = 1 in non-negative integers (z,y)

are (K,1),(0,1),(1,0), unless either K is a perfect square, in which case
there are also the solution (1,VK);
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(2) The only solution in non-negative integers x,y to the equation x> — Kxy? +
y* =4 is (z,y) = (2,0).

Theorem 8 (Walsh [19]). Let K be an even positive integer.

(1) The only solutions to x> — Kzy* + y* = 1 in non-negative integers (z,y)
are (K,1),(0,1),(1,0), unless either K is a perfect square, in which case
there are also the solutions (1,VK),(K? — 1,VK), or K = 338 in which
there are the solutions (z,y) = (114243,6214), (13051348805, 6214)

(2) The only solution in non-negative integers x,y to the equation x> — Kxy? +
y* =4 is (z,y) = (2,0), unless K = 2v° for some integer v, in which case
there are also the solutions (2,v2K),(2K? — 2,V2K).

Let us begin with m = 1 by applying the first part of the above theorems to
equation (20).

Case 1: For all ¢ > 1, we obtain that possible solutions are given by (2Y?2, £X) =
(¢ +2,1), (0,1), (1,0).

e The first solution gives us ¢ = 2n> — 2, X = £1,Y = 4n for some positive
integer n. This implies (U, V, Z) = (2n2+1,2n%—1,n) and the solutions of equation
(2) are (z,y) = £(n+1,n),x(n — 1,n).

e The second solution gives us X = +£1,Y = 0. This implies (U,V, Z) = (1,1,0),
and the solutions are (z,y) = (£1,0).

e It is obvious to see that there is no solution corresponding to (2Y2,£X) =
(1,0).

Case 2: If ¢ + 2 = 2, for some positive integer ¢, then possible additional
solutions are given by (2Y2,£X) = (1,¢) for all ¢ > 1 and (2Y2%,£X) = (#* — 1,¢)
when c is an even integer.

e Using Cohn’s result [4], one can see that the equation 2Y2 = #* — 1 has
only the integer solutions (Y,¢) = (0,+£1). This implies ¢ = —1 which gives us a
contradiction.

e The second eventuality (2Y2,£X) = (1,t) is also impossible.

Case 3: If ¢+ 2 = 338 i.e. ¢ = 340, then there is no additional solution because
2Y2 ¢ {114243,13051348805}.

Now we only apply the second part of Theorem 7 and Theorem 8 to deal with
m = 4.

Case 4: For all ¢ > 1 possible solutions are given by (2Y?,£X) = (2,0). This
implies (X,Y) = (0,%1) and (U,V,Z) = (2,2,0). Therefrom we obtain the solu-
tions (z,y) = +(1,1).

Case 5: If K = 2n?, i.e. ¢ = 2n? — 2 with n > 1, then we have two additional
possibilities.

e First, we take (2Y2,£X) = (2,2n). Therefore, we get ¥ = +1. It follows
that (U,V,Z) = (2n? + 2,2n% — 2,2n), and gives the solutions (z,y) = +(2n +
1,1), £(2n — 1).

e Second, we take (2Y2,£X) = (2(2n?)? — 2,2n) and we get Y2 = (2n?)? — 1.
This is impossible.

Therefore, all solutions are found when m = 1,4.
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Remark 9. [t is easy to see that when m = 4 and X = 2X,, then from (20), we
get

(2X3)? — (c+2)2X]) Y2+ YV = 1.
Conversely, one can see that any solution of equation (20) of the form (X,Y) =
(a,b) for m =1 gives a solution of the form (X,Y) = (2b,a) for m = 4.

5. CASES m # 1,4

In this section, we study the remaining cases when m # 1,4. By (3) and (4), we
get
(21) Vi —2cZ? =m.
So if ¢ = 2 and m = —3 then from equation (21) we obtain

VE—47? = (V-22)(V+22Z) = -3.

This implies V' = £1,Z = #£1. Then, from (11), we obtain (z,y) = £(2,1) or
(z,y) =£(0,1).

Now let us rewrite equation (20) to
(22) A% — (6> —4) B> =m,

where § =c+2>3, A=X2—(c+2) V2= (z—y)° — (c+2)y% B=Y2 =2
Since the period of continued fraction expansion of /62 — 4 is even if § > 4, there
is no solution if m = —1,—4 and ¢ > 2. If § = 3, i.e ¢ = 1, the period is odd which
implies that equation (22) has solutions with m = —1 and m = —4.

It remains to consider the cases:

e c=1and m=—-1orm=—4;
ec=3andm=2orm=—-2o0or m=—3;
e c=T7and m= -3;

e c=8and m=—-2orm=3;

e c=11and m = —2;

e ¢c=12 and m = -3.

We solve the remaining cases as follows.
e Case ¢ = 1. When m = —1, equation (2) was solved by Tzanakis [18, p. 275].
For m = —4, we used Thuesolver of KASH [14]. So we get

0,21, £(2,1), if m=—1,
(@,y) = +(3,1), it m=—4.

e Case ¢ = 3. Equation (22) becomes A? — 21B? = m. If m = 2, it implies
A? =2 (mod 3). This is impossible. If m = —2, we obtain A2 = —2 =5 (mod 7).
So there is no solution. If m = 3, then 42 = 3 (mod 7), but 3 is not a square
modulo 7. Therefore, we have no solution (4, B) when ¢ = 3.

e Case ¢ = 7,m = —3. In this case, equation (22) has the form A? —77B? = —3.
By taking modulo 11, we obtain A2 = —3 (mod 11). Using the Legendre symbol,
we get (—3/11) = (8/11) = (2/11) = —1. There is no solution (A4, B).

e Case ¢ = 8. Equation (22) becomes A% — 96B> = m. If m = —2, we get
A% = —2 = 2 (mod 4) which is impossible. If m = 3, similarly, 4> = 3 (mod 4)
gives us a contradiction.

e Case ¢ = 11,m = —2. Then we have A% —165B? = —2. We get that A% = —2
(mod 5). This is impossible.
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e Case ¢ = 12, = —3. From equation (22), we deduce A2 —192B% = —3. Then
A%? = -3 =5 (mod 8) which is also impossible.
This completes the proof of Theorem 1.

Acknowledgements: The authors would like to thank Professor Andrej Dujella
for his many helpful comments and suggestions.
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